University of Helsinki Department of Mathematics

Solving the Quintic – From Tschirnhaus’ Transformations to Klein’s Icosahedral Equation

Seminar paper of Christian Weiß

Seminar: Historiallinen johdatus Galois’n teoriaan Lecturer: FT Jukka Pihko December 2002

Preface

The history of algebra is the history of solving equations. The term algebra comes from the Latin word algebra which was itself built out of the Arabic word al-ǧabr. al-ǧabr originally meant ’restauration’ or ’recovery’, but in the mathematical sense it was used for the transformation of a negative value into a positive one by moving it on the other side of the equation. This word is contained in the title ilm al-ǧabr wa l-muqâbala (’science of recovering and comparing’) of the Persian-Arabian mathematician Al-H_⌣ wārizmī, written about the year 825 A.D. The second term in this title, ’l-muqâbala’, meant simplifying the equation by comparing both sides and removing terms from them.

But the Arabs were not the first who tried (succesfully) to solve equations, even the Babylonians (1000 B.C.) and the Greeks (300 B.C.) developped methods of solving (quadratic) equations.

But after the Greeks it took more than 1500 years until new developments in solving equations have been made in Europe. It was about 1515 when Scipione del Ferro solved a cubic equation of the form x^3 +mx = n (but never published it), and the first complete solution of cubics was given in 1539 by Girolamo Cardan in his book ’Artis Magnæ– Sive De Regulis Algebraicis’ (’The Great Art – or the Rules of Algebra’), which also includes a solution of the quartic equation, found by his student Ludovico Ferrari.

One may expect that after this rapid development it was only a question of time when solutions of higher degree equations will be found, but the next markable step was Newtons numerical approximation of the roots of a function in 1669. A few years later, E. W. von Tschirnhausen developped a method of removing at least the (n − 1)^{th} and (n − 2)^{th} term of a polynomial equation and transforming it by that way in a simpler form.

These transformations mark the beginning of this seminar paper. The idea of the Tschirnhaus transformations were used afterwards by Bezout and Euler (about 1762), too, and in 1786 Bring found a way of transforming the general fifth order equation in the form x^5 + bx + c, which will also be discussed in this paper.

13 years later, Carl Friedrich Gauß proved the so-called fundamental theorem of algebra, which says that every non-constant real polynomial has at least one root in C, or equivalently, that the number of linear factors of a non-zero polynomial over C is equal to its degree. Then came the year 1826, the year when Abel published the proof of one of his most famous results:

The general n-th order polynomial equation is for n ≥ 5 not solvable by radicals! So it is impossible to solve polynomial equations of degree higher than four? No! It is not possible by using the ’standard’ operations and radicals (i.e. roots) only! And a way of solving such higher order equations can be found by Felix Klein, who solved the quintic equation and showed a way of using his ideas for equations of degree ≥ 6. Klein’s method of solving the quintic will be the end of this seminar paper.

This seminar paper originated in the course of the seminar ”Historiallinen johdatus Galois’n teoriaan”, taught by FT Jukka Pihko, and was based on the book ”Galois’ Theory of Algebraic Equations”, written by Jean-Pierre Tignol [8], although it was only used (among others) for the sections 1.2 and 2.1.

The historical pictures used in this seminar paper are all taken from [11], except the print of Tschirnhaus’ article on page 7, this image can be found in [12].

Helsinki, December 2002 Christian Weiß

Contents

Preface i

1 The Tschirnhaus Transformations 1 1.1 The Resultant of two Polynomials . . . . . . . . . . . . . . . . . . . . . . . 1 1.2 Tschirnhaus’ Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2 Developments based on Tschirnhaus’ Idea 13 2.1 Bezout’s Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 2.2 Bring’s Transformation of the Quintic . . . . . . . . . . . . . . . . . . . . . 17

3 Klein’s Solution of the Quintic 22 3.1 The Icosahedral Group . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 3.2 The Icosahedral Equation . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 3.3 The Solution of the Icosahedral Equation . . . . . . . . . . . . . . . . . . . 26 3.4 The Solution of the Quintic Equation . . . . . . . . . . . . . . . . . . . . . 27

Bibliography 37

Chapter 1

The Tschirnhaus Transformations

1.1 The Resultant of two Polynomials

Before we begin to talk about the resultant of two polynomials we will first repeat some basic facts about the division of polynomials and a result of linear algebra of solving linear equations.

1.1.1 Definition Assume F to be an arbitrary field, then F[x] is the set of all polynomials (German: Polynome) p(x) = a_nx^n +...+a_1x+a_0 with coefficients (German: Koeffizienten) a_n, ..., a_0 ∈ F.

The degree (German: Grad) deg(p) is then defined to be the greatest integer n ∈ N_0 such that a_n ≠ 0 and a_k = 0 for k ≥ n + 1.

The corresponding coefficient is called the leading coefficient (German: Leitkoeffizient), and if this leading coefficient equals 1, then the polynomial is called a monic polynomial (German: normiertes Polynom).

It can be shown that F[x] is a ring.

1.1.2 Theorem (Euclidean Division Property) Let p_1, p_2 ∈ F[x] be two arbitrary polynomials with p_2 ≠ 0. Then there exist two polynomials q(x), r(x) ∈ F[x] such that

p_1 = p_2 · q + r and deg(r) < deg(p_2).

The polynomials are uniquely determined by these properties.

Proof: See Tignol [8], p. 43f. #

1.1.3 Definition Let p_1, p_2 ∈ F[x] be two arbitrary polynomials. p_2 divides p_1 (German: teilt) if there exists a polynomial q ∈ F[x] such that p_1 = q · p_2.

A polynomial p ∈ F[x] is said to be irreducible (German: irreduzibel) in F[x] if deg(p) > 0 and p is not divisible by any polynomial q ∈ F[x] with 0 < deg(q) < deg(p). A greatest common divisor (GCD) of p_1 and p_2 (German: größter gemeinsamer Teiler ggT (p_1, p_2)) is a polynomial d ∈ F[x] with the following properties: (i) d divides both p_1 and p_2;

(ii) if s ∈ F[x] is a polynomial which also divides p_1 and p_2, then s divides d. If 1 is a GCD of p_1 and p_2, then p_1 and p_2 are relatively prime (German: teilerfremd).

Finally we repeat the following lemma from linear algebra:

1.1.4 Lemma Suppose an arbitrary field F, a matrix A ∈ F^{n×n} and a vector b ∈ F^n with n ∈ N. If the linear system of equations Ax = b with x ∈ F^n is solvable, then the following properties are equivalent: (i) Ax = b has a unique solution. (ii) det(A) ≠ 0.

Proof: A proof can be found in nearly every book over linear algebra, for example in M. Menth: Lineare Algebra, Würzburg 1997. #

1.1.5 Definition The resultant Res(p, q) (German: Resultante) of two polynomials p(x) = a_nx^n + ... + a_0, q(x) = b_mx^m + ... + b_0 ∈ F[x] with n, m ∈ N is the determinant defined by

Res(p, q) :=

| | | | | | | | | | | | | | | | a_n | a_{n−1} a_n |

a_{n−2} a_{n−1} ... | . . . . ... a_n | a_0 a_1 a_{n−1} |

a_0 . . | ... a_1 |

a_0 |

m columns

b_m b_{m−1} b_m

b_{m−2} b_{m−1} ... . . . . ... b_m b_0 b_1 b_{m−1}

b_0 . . ... b_1

b_0

n columns

| | | | | | | | | | | | | | | |

,

which is an (m + n) × (m + n)-determinant.

Our aim in the following discussion is to show which kind of information about two polynomials can be obtained by calculating their resultant. For this purpose we show first the following

1.1.6 Lemma Suppose p, q ∈ F[x] arbitrary.

p and q have a non-constant common divisor φ ∈ F[x] ⇔ there exists h_1, h_2 ∈ F[x] with h_1 · p = h_2 · q (⋆),

deg(h_1) ≤ deg(q) − 1, deg(h_2) ≤ deg(p) − 1 and not both h_1, h_2 ≡ 0.

Proof:

”⇒”: If φ is a non-constant common divisor of p and q, then there exist by definition polynomials h_1, h_2 ∈ F[x] with

p = φ · h_2 and q = φ · h_1,

so (⋆) is fulfilled.

”⇐”: Suppose that (⋆) is given. Then both sides of the equation can be split in a product of irreducible polynomials. All such factors of p must be found on the right side, too, and as deg(h_2) ≤ deg(p) − 1, at least one of the irreducible factors of p must appear among the factors of q. So there exists a common divisor. #

1.1.7 Theorem Suppose p and q given like in definition 1.1.5 with leading coefficients a_n, b_m ≠ 0, then the following two properties are equivalent: (i) Res(p, q) = 0.

(ii) p and q have a non-constant common divisor.

Proof: By lemma 1.1.6, (ii) is equivalent to the existence of two polynomials

h_1(x) = c_{m−1}x^{m−1} + ... + c_0 and h_2(x) = −d_{n−1}x^{n−1} − ... − d_0

with h_1 · p = h_2 · q. Calculating the products on both sides of the equation and comparing the coefficients yields the following system of linear equations:

a_nc_{m−1} = −b_md_{n−1} a_{n−1}c_{m−1}+ a_nc_{m−2} = −b_{m−1}d_{n−1}− b_md_{n−2} · · · = · · · a_0c_1+ a_1c_0 = −b_0d_1− b_1d_0 a_0c_0 = −b_0d_0 .

An equivalent formulation for this system is given by

a_n | b_m a_{n−1} a_n | b_{m−1} b_m

a_{n−2} a_{n−1} . .. | b_{m−2} b_{m−1} ... . . . . . .. a_n | . . . . ... b_m a_0 a_1 a_{n−1} | b_0 b_1 b_{m−1} a_0 . . | b_0 . . . .. a_1 | ... b_1

a_0 | b_0

· c_{m−1} c_{m−2} . . c_1 c_0 d_{n−1} . . d_1 d_0

=

0 0 . . 0 0 0 . . 0 0

,

which is solvable, since it is possible to choose all c_{m−1} = ... = d_0 = 0. But (ii) and 1.1.6 make it necessary that there is a non-trivial solution which exists by Lemma 1.1.4 if and only if the determinant of the matrix (and that is the resultant!) vanishes. #

1.1.8 Example The resultant of two polynomials can be interpreted as an indicator for common divisors. We will demonstrate this at the following example, using the computer algebra system mathematica 4.0 for the calculations:

Define p(x) = x^5 −^{23}_4 x^4 −^{15}_2 x^3 +^{17}_{24} x^2 +^{37}_4 x + 3 and

q(x) = x^6 +^{163}_{40} x^5 −^{97}_5 x^4 −^{2009}_{40} x^3 +^{2597}_{20} x^2 +^{206}_5 x − 84, then the resultant Res(p, q) = 0:

So we know that both polynomials have a common divisor and we should calculate the greatest common divisor of them:

The (monic) common factor of p and q is therefore (x − 3).

In the next section we will illustrate the use of the resultant by simplifying polynomials in the sense that we look for transformations of the variable to remove some terms in the polynomial; the transformations we are describing there will be the Tschirnhaus transformations.

But before doing this we will proof two lemmas which we can use in the next section:

1.1.9 Lemma Suppose n ∈ N and p(x) := x^n + a_{n−1}x^{n−1} + ... + a_0 and q(x) = x + b_0 in F[x]. Then

Res(p, q) = b^n_0 + n−1∑ k=0 a_k(−1)^{n−k}b^k_0 .

Proof: The proof is done by induction. For n = 1 we have

Res(x + a_0, x + b_0) = | | | 1 1 a_0 b_0 | | | = b^0 − a^0 = b^10 + 0∑ k=0 a_k(−1)^{1−k}b^k_0 .

Now assume we have shown the above formula for ≤ n − 1, then look at the case n:

Res(p, q) =

| | | | | | | | | |

1 1 a_{n−1} b_0 1

a_{n−2} b_0 .. . . . .. . 1 a_1 b_0 1 a_0 b_0

| | | | | | | | | |

} n + 1 rows

developping=

last row

(−1)^na_0+b_0

| | | | | | | |

1 1 a_{n−1} b_0 1

a_{n−2} b_0 ... . . ... 1 a_1 b_0

| | | | | | | | induction=

hypothesis

b_0(b^{n−1}_0 + n−2∑ k=0 a_{k+1}(−1)^{n−1−k}b^k_0 )+(−1)^na_0

= b^n_0 + n−2∑ k=0 a_{k+1}(−1)^{n−(k+1)}b^{k+1}_0 + (−1)^{n−0}a_0b^0 = b^n_0 + n−1∑ k=0 a_k(−1)^{n−k}b^k_0 .

So the proof is complete. #

1.1.10 Lemma Suppose n ∈ N and p(x) := a_nx^n + a_{n−1}x^{n−1} + ... + a_0 of degree n and q(x) = x^2 + b_1x + b_0 in F[x]. Then for n ≥ 3 (i) Res(p, q) = Res( (a_{n−1} − a_nb_1)x^{n−1} + (a_{n−2} − a_nb_0)x^{n−2} + a_{n−3}x^{n−3} + ... + a_0, q(x)). (ii) Res(p, q) = a^2_nb^n_0 + A_{n−1}b^{n−1}_0 + A_{n−2}b^{n−2}_0 + P_{n−3}(b_0) with A_{n−1} = a^2_{n−1} − 2a_na_{n−2} − a_na_{n−1}b_1, A_{n−2} = a^2_{n−2} − 2a_{n−1}a_{n−3} + 2a_na_{n−4} − a_{n−1}a_{n−2}b_1 + 3a_na_{n−3}b_1 + a_na_{n−2}b^2_1 and P_{n−3}(b_0) a polynomial in b_0 of degree ≤ n − 3; for n ≥ 4. (iii) For a_n = 1 we have

Res(p, q) = b^n_0 + A_{n−1}b^{n−1}_0 + A_{n−2}b^{n−2}_0 + P_{n−3}(b_0)

with A_{n−1} = a^2_{n−1} − 2a_{n−2} − a_{n−1}b_1, A_{n−2} = a^2_{n−2} − 2a_{n−1}a_{n−3} + 2a_{n−4} − a_{n−1}a_{n−2}b_1 + 3a_{n−3}b_1 + a_{n−2}b^2_1 and P_{n−3}(b_0) a polynomial in b_0 of degree ≤ n − 3; for n ≥ 4.

Proof: (i)

Res(p, q) =

| | | | | | | | | | | | a_n 1 a_{n−1} a_n b_1 1

a_{n−2} a_{n−1} b_0 b_1 ... . . . . b_0 ... 1

a_1 a_2 ... b_1 1 a_0 a_1 b_0 b_1 a_0 b_0

| | | | | | | | | | | |

=

| | | | | | | | | | | |

0 1 a_{n−1} − a_nb_1 a_n b_1 1

a_{n−2} − a_nb_0 a_{n−1} b_0 b_1 ... . . . . b_0 ... 1

a_1 a_2 ... b_1 1 a_0 a_1 b_0 b_1 a_0 b_0

| | | | | | | | | | | |

=

| | | | | | | | | | | a_{n−1} − a_nb_1 a_n 1

a_{n−2} − a_nb_0 a_{n−1} b_1 .. . . . a_{n−2} b_0 .. . 1

a_1 . . .. . b_1 1 a_0 a_1 b_0 b_1 a_0 b_0

| | | | | | | | | | |

=

| | | | | | | | | | | | a_{n−1} − a_nb_1 0 1

a_{n−2} − a_nb_0 a_{n−1} − a_nb_1 b_1 ...

a_{n−3} a_{n−2} − a_nb_0 b_0 ... 1 . . a_{n−3} ... b_1 1

a_0 . . b_0 b_1 a_0 b_0

| | | | | | | | | | | | = Res( (a_{n−1} − a_nb_1)x^{n−1} + (a_{n−2} − a_nb_0)x^{n−2} + a_{n−3}x^{n−3} + ... + a_0, x^2 + b_1x + b_0).

(ii) For proofing this formula we use again induction and start with n = 4:

It is easy to verify that the coefficients of b^3_0 and b^2_0 are of the correct form. Now suppose we have shown the above formula for ≤ n − 1, then look at the case n:

Res(p, q)^{(i)}= Res( (a_{n−1} − a_nb_1)x^{n−1} + (a_{n−2} − a_nb_0)x^{n−2} + a_{n−3}x^{n−3} + ... + a_0, x^2 + b_1x + b_0)

induction=

hypothesis

(a_{n−1} − a_nb_1)^2b^{n−1}_0

+ ((a_{n−2} − a_nb_0)^2 − 2(a_{n−1} − a_nb_1)a_{n−3} − (a_{n−1} − a_nb_1)(a_{n−2} − a_nb_0)b_1)b^{n−2}_0 + (−2(a_{n−2} − a_nb_0)a_{n−4} − (a_{n−2} − a_nb_0)a_{n−3}b_1 + C)b^{n−3}_0 + P_{n−4}(b_0)

= (a^2_{n−1} − 2a_na_{n−1}b_1 + a^2_nb^2_1)b^{n−1}_0 + ((a^2_{n−2}−2a_na_{n−2}b_0 + a^2_nb^2_0) + (−2a_{n−1}a_{n−3} + 2a_na_{n−3}b_1) + (−a_{n−1}a_{n−2}b_1 + a_na_{n−2}b^2_1 + a_na_{n−1}b_1b_0−a^2_nb^2_1b_0))b^{n−2}_0 + ((−2a_{n−2}a_{n−4}+2a_na_{n−4}b_0) + (−a_{n−2}a_{n−3}b_1 + a_na_{n−3}b_1b_0) + C)b^{n−3}_0 + P_{n−4}(b_0),

where C consists of all the terms which do not depend on b_0. Now we simplify the terms, collect the coefficients of b^n_0 , b^{n−1}_0 and b^{n−2}_0 and put the remaining terms in a polynomial P_{n−3}(b_0), which is of degree ≤ n − 3.

Res(p, q) = a^2_nb^n_0 + (a^2_{n−1} − 2a_na_{n−1}b_1 + a^2_nb^2_1 − 2a_na_{n−2} + a_na_{n−1}b_1 − a^2_nb^2_1)b^{n−1}_0 +(a^2_{n−2}−2a_{n−1}a_{n−3}+2a_na_{n−3}b_1−a_{n−1}a_{n−2}b_1 +a_na_{n−2}b^2_1 +2a_na_{n−4}+a_na_{n−3}b_1)b^{n−2}_0 +P_{n−3}(b_0) = a^2_nb^n_0 + (a^2_{n−1} − a_na_{n−1}b_1 − 2a_na_{n−2})b^{n−1}_0 + (a^2_{n−2} − 2a_{n−1}a_{n−3} + 3a_na_{n−3}b_1 − a_{n−1}a_{n−2}b_1 + a_na_{n−2}b^2_1 + 2a_na_{n−4})b^{n−2}_0 + P_{n−3}(b_0).

(iii) is a consequence of (ii). # Note: The formulas (ii) and (iii) are valid for n = 3 if we define a_{−1} := 0.

1.2 Tschirnhaus’ Method

In his famous article ”Methodus auferendi omnes terminos intermedios ex data æquatione” Tschirnhaus published a method how to remove the (n − 2)^{th} term in a polynomial p(x) := x^n + a_{n−2}x^{n−2} + ... + a_0 (where the (n − 1)^{th} term has already been canceled) by using a transformation.

Tschirnhaus described his method in the case n = 3 and discussed afterwards how to apply this method for n = 4, 5, 6.

Instead of regarding these special cases only we will describe his ideas for the general n-th order polynomial.

Suppose the polynomial p(x) := x^n + a_{n−1}x^{n−1} + ... + a_0 and a transformation of the form y = x^m + b_{m−1}x^{m−1} + ... + b_0. Substituding the variable y in the polynomial p leads to a new polynomial of the form p̃(y) = y^n + c_{n−1}(b_{m−1}, ..., b_0) y^{n−1} + ... + c_0(b_{m−1}, ..., b_0). The aim is now to choose the m parameters b_{m−1}, ..., b_0 in such a way that the coefficients c_{n−1}(b_{m−1}, ..., b_0), ..., c_{n−m}(b_{m−1}, ..., b_0) vanish.

Tschirnhaus believed (in the beginning) that it must be possible in that way to reduce p(x) := x^n + a_{n−1}x^{n−1} + ... + a_0 to the form p̃(y) = y^n + c_0(b_{n−2}, ..., b_0) by using a transformation y = x^{n−1} + b_{n−2}x^{n−2} + ... + b_0 of degree n − 1. After doing this the equation p̃(y) = 0 can be solved in y, and substituding y in y = x^{n−1} + b_{n−2}x^{n−2} + ... + b_0 leads to an equation of degree n − 1 only. Solving this equation for x yields a solution of the n-th order equation p(x) = 0. So by induction it must be possible to solve the n-th order equation in a general way by radicals (in contradiction to Abel).

Tschirnhaus’ way to find the ’right’ parameters b_{m−1}, ..., b_0 was solving a suitable system of equations. We will go a little different and more formal way by using the resultant of the section before.

Regard the polynomials p(x) := x^n+a_{n−1}x^{n−1}+...+a_0 and q(x) = x^m+b_{m−1}x^{m−1}+...+b_0−y. The resultant of both is a polynomial of the variable y only, i.e. r(y) := Res(p, q), and as y appears in the corresponding determinant only in the last n columns, r(y) is a polynomial of degree n. In this new polynomial we choose b_{m−1}, ..., b_0 such that the terms n − 1 to n − m vanish. So q(x) is determined except the ’value’ of y.

By Theorem 1.1.7 we know that r(y) = 0 is equivalent to a non-constant common divisor of p and q, what means that p and q have a common root (German: gemeinsame Nullstelle, Wurzel). So if we solve the equation r(y) = 0 in y and substitude this value of y in q(x) (which is now determined completely) we know that both polynomials have a common root which can be found by solving q(x) = 0 (which is of lower degree than p(x) = 0) or, maybe much easier, by determing the GCD of p and q and determing its roots. We will start with removing the (n − 1)^{th} term of p(x) := x^n + a_{n−1}x^{n−1} + ... + a_0. Defining q(x) = x + b_0 − y we know from 1.1.9 that

Res(p, q) = (b_0 − y)^n +

∑_{n−1} k=0 a_k(−1)^{n−k}(b_0 − y)^k = (b_0 − y)^n − a_{n−1}(b_0 − y)^{n−1} +

∑_{n−2} k=0 a_k(−1)^{n−k}(b_0 − y)^k = (−1)^ny^n + (−1)^{n−1}nb_0y^{n−1} +

∑_{n−2} j=0 (_n j ) (−1)^jy^jb^{n−j}_0 binomial −a_{n−1}(−1)^{n−1}y^{n−1} − a_{n−1}

∑_{n−2} j=0 (_{n−1} j ) (−1)^j y^jb^{n−1−j}_0 sum + ∑_{n−2} k=0 a_k(−1)^{n−k}(b_0 − y)^k = (−1)^ny^n + (−1)^{n−1}(nb_0 − a_{n−1})y^{n−1} + ∑ ..., so the term (−1)^{n−1}(nb_0 − a_{n−1})y^{n−1} vanishes if we choose b_0 =^{an−1}_n .

1.2.1 Theorem By defining y := x+^{an−1}_n the polynomial p(x) := x^n +a_{n−1}x^{n−1} +...+a_0 ∈ F[x] can be transformed to a polynomial r(y) of degree n where the coefficient of the term y^{n−1} equals 0.

Now suppose we have transformed our polynomial in that way, i.e. we regard a polynomial p(x) of the form p(x) := x^n + a_{n−2}x^{n−2} + ... + a_0 with no (n − 1)^{th} term and a_{n−2} ≠ 0. To remove the (n − 2)^{th} term, too, we may assume a polynomial q(x) := x^2 + b_1x + b_0 − y and proceed in the same manner. By lemma 1.1.10 we know that

Res(p, q) = (b_0 − y)^n + A_{n−1}(b_0 − y)^{n−1} + A_{n−2}(b_0 − y)^{n−2} + P_{n−3}(y)

with A_{n−1} = −2a_{n−2}, A_{n−2} = a^2_{n−2} + 2a_{n−4} + 3a_{n−3}b_1 + a_{n−2}b^2_1, since a_{n−1} = 0, and P_{n−3}(y) a polynomial in y of degree ≤ n − 3.

Using again the binomial sum formula we obtain

(b_0 − y)^n = (−1)^ny^n + (−1)^{n−1}nb_0y^{n−1} + (−1)^{n−2 n(n−1)}_2 b^2_0y^{n−2}

∑_{n−3} j=0 (_n j ) (−1)^jy^jb^{n−j}_0 , (b_0 − y)^{n−1} = (−1)^{n−1}y^{n−1} + (−1)^{n−2}(n − 1)b_0y^{n−2} +

∑_{n−3} j=0 (_{n−1} j ) (−1)^j y^jb^{n−1−j}_0 and (b_0 − y)^{n−2} = (−1)^{n−2}y^{n−2} +

∑_{n−3} j=0 (_{n−2} j ) (−1)^j y^jb^{n−2−j}_0 .

Substituding these expressions in the above formula and collecting all terms where y is of degree ≤ n − 3 in the polynomial Q_{n−3}(y) we get

Res(p, q) = (−1)^ny^n + (−1)^{n−1}(nb_0 − 2a_{n−2})y^{n−1} + (−1)^{n−2}(^{n(n−1)}_2 b^2_0 − (n − 1)b_0 · 2a_{n−2} + a^2_{n−2} + 2a_{n−4} + 3a_{n−3}b_1 + a_{n−2}b^2_1)y^{n−2} + Q_{n−3}(y).

Since the (n − 1)^{th} and (n − 2)^{th} coefficient shall vanish we set both of them equal to zero and get a system of two equations. Solving the first yields b_0 and after substituding b_0 in the second equation we can solve it in terms of b_1:

1.2.2 Theorem By defining y := x^2 +(−^3_2^{an−3}_{an−2} ±^1_2 √ 9(^{an−3}_{an−2} )^2 − 8^{an−4}_{an−2} + 4^{n−2}_n a_{n−2})x+^{2an−2}_n the polynomial p(x) := x^n + a_{n−2}x^{n−2} + ... + a_0 ∈ F[x] with a_{n−2} ≠ 0 can be transformed in a polynomial r(y) of degree n where the coefficients of the terms y^{n−1} and y^{n−2} equal 0.

As mentioned before, Tschirnhaus did not prove these general formulas above. He presented his ideas with the example of the cubic equation (see later) and discussed afterwards how to choose the above terms in the cases 4, 5, 6. He also claimed that using his ideas it would be possible to remove all the ’middle terms’ of an polynomial equation which could afterwards be solved. Certainly he gave no prove for this claim since it is impossible to solve equations of degree higher than four by radicals only (→ Abel’s Theorem), and another famous mathematician of these years, Gottfried Wilhelm Leibniz, didn’t believe ”that it will be succesful for equations of higher degree, except in special cases.” (Kracht/Kreyszig [6]). By the way, it is interesting to note that Leibniz was in general very critical against Tschirnhaus, after their first contacts Leibniz stated: ”Tschirnhaus had not really penetrated to any fundamental level of mathematical understanding. He remained trapped on the surface.” (Kracht/Kreyszig [6]).

On the other hand, Tschirnhaus’ method is indeed not succesful for removing more than two terms in general. We will see this during the discussion of Bring’s ideas, that we have to solve equations of degree at least 6 in these cases.

1.2.3 Example Suppose the general third order equation x^3 + px + q = 0, where the quadratic term has already been removed. If we want to remove the linear term, too, we have to compare it with the equation x^2 + b_1x + b_0 − y = 0.

It is easy to verify that these values for b_1 and b_0 correspond to the formula of Theorem 1.2.2 with a_{−1} := 0. Substituding the first pair in the resultant yields

which is a cubic equation of the type a − y^3 = 0 and can therefore be solved by taking the cubic root.

By defining A :=

√(_p 3 )_3 + (_q 2 )_2 the first of the three solutions can be brought to the form y =^{6A}_p^3 √ A −^q_2 . After substituding y, b_0 and b_1 in x^2 + b_1x + b_0 − y = 0 we obtain the quadratic equation x^2 + 3 p (A − q 2 )x + 2p 3 − 6A p 3 √ A − q 2 = 0.

To find the common root of this and the original equation x^3 + px + q = 0 we can calculate the GCD of them and finally we get a result for x known as Cardanos formula. For a more detailed discussion of these last steps see Tignol [8].

1.2.4 Example Let us finally look at the quartic equation x^4 + px^2 + qx + r = 0 without a cubic term. Again we will compare it to the equation x^2 + b_1x + b_0 − y = 0.

But instead of removing the quadratic term we will cancel out the coefficient of y, i.e., we have to find the roots in b_1 of the following cubic polynomial:

We won’t replace b_1 by one of its value, because it would take really much place, so we will only substitude b_0 in the resultant:

This is a quadratic equation in y^2 and can therefore be solved easily:

Now we ”only” have to take the squareroot of one of these values and substitude b_1 to get a solution y of the resultant. Afterwards we substitude this value of y and the values of b_1 and b_0 in x^2 + b_1x + b_0 − y = 0 and look again for the GCD with the original equation x^4 + px^2 + qx + r = 0.

After illustrading Tschirnhaus’ ideas with this two examples we will look at the developments of the Tschirnhaus transformations by some other mathematicians.

Chapter 2

Developments based on Tschirnhaus’ Idea

2.1 Bezout’s Method

About 1765 Bezout developped a new method of solving equations. He used a similar idea like Tschirnhaus to express the roots of a polynomial as a polynomial in a root of unity.

The idea is quite simple: Instead of comparing a given equation x^n + c_{n−1}x^{n−1} + ... + c_0 = 0 and a polynomial of the type x^m + b_{m−1}x^{m−1} + ... + b_0 = y like Tschirnhaus, Bezout looked at the equations x = a_{n−1}y^{n−1} +...+a_0 and y^n −1 = 0 and tried to eliminate y between them. The result should be a polynomial of degree n in x, and this polynomial will be compared to our given polynomial.

Let’s describe his idea more detailed: If we define

r_n(x) = Res(a_{n−1}y^{n−1}+...+a_1y+a_0−x, y^n−1),

then r_n(x) is a polynomial of degree n. By Theorem 1.1.7 we know that r_n(x) = 0 is equivalent to the fact that the polynomials a_{n−1}y^{n−1} + ... + a_1y + a_0 − x and y^n − 1 have a common root.

But by the second polynomial we know that this common root must be an n-th root of unity ξ, so substituding y = ξ in the first polynomial yields x = a_{n−1}ξ^{n−1} + ... + a_1ξ + a_0, so the root x of r_n(x) has a polynomial expression in a root of unity. The idea will get more clear if we look at some examples. But first we calculate some of the polynomials r_n(x), where P := x − a_0:

2.1.1 Example Let’s look at the third order polynomial p(x) = x^3 + px + q without quadratic term. If we compare it with

r_3(x) = −(x − a_0)^3 + 3a_1a_2(x − a_0) + a^3_1 + a^3_2

(remember that P := x−a_0) we can choose a_0 = 0 (or P = x) and have to solve −3a_1a_2 = p and −a^3_1 − a^3_2 = q:

As result we get 6 pairs of solutions (only the first of them is shown above) and we choose the first pair of the solutions. Substituding them in a_2y^2 + a_1y − x yields

As y is a third root of unity (i.e. y equals 1, e^{ıπ}3 or e^{2ıπ}3 ), we found an expression of one root of x^3 + px + q = 0 as polynomial in the third roots of unity. And if we choose for example y = 1 then we get

To check that this is indeed a solution of the given equation x^3 + px + q = 0 we substitude this result of x in the equation:

2.1.2 Example As a second example we look at the fourth order equation x^4 + px^2 + qx + r = 0 without cubic term. If we compare this with

r_4(x) = (x+a_0)^4+(−2a^2−4a_1a_3)(x−a_0)^2+(−4a^2_1a_2−4a_2a^2_3)(x−a_0)−a^4_1+a^4_2−a^4_3−4a_1a^2a_3+2a^2_1a^2_3

we notice that we can again choose a_0 = 0 and solve then in a second step the equations −2a^2 − 4a_1a_3 = p and −4a^2_1a_2 − 4a_2a^2_3 = q for a_1 and a_3:

The result are four pairs of solution (again above is shown only the first of these pairs) and we choose the first for substituding it in the remaining equation −a^4_1 + a^4_2 − a^4_3 − 4a_1a^2a_3 + 2a^2_1a^2_3 = r:

This equation can be brought to the form

a^6_2 + p 2 a^4_2 + ( p 16 − r 4 ) a^2 − q^2 64 = 0,

which is cubic in a^2 and can therefore be solved by using Cardano’s formula first and the squareroot afterwards.

Note that this method yields no results (in general) if the degree n is larger than 4, as one can easily imagine by looking at r_5(x) or r_6(x) above, because in these cases we have to solve equations of degree larger than 4.

But nevertheless this is an interesting method, because it leads to an description of the roots of an n-th order polynomial by the n-th roots of unity!

2.2 Bring’s Transformation of the Quintic

2.2.1 Example Suppose the quintic equation x^5 +a_2x^2 +a_1x+a_0 without cubic and fourth order term (the general fifth order polynomial can always be brought to this form by using Tschirnhaus transformations). We try now to remove the quadratic term, too, by using Tschirnhaus’ idea, i.e. we compare it with the polynomial x^3 +b_2x^2 +b_1x+b_0 by calculating the resultant (only the fourth order, cubic and quadratic term are given completely below):

To remove the fourth order term we have to solve the following equation:

Now we substitude this value for b_0 in the coefficient of the third order term and determine afterwards b_1.

Finally we substitude b_1 in the coefficient of the quadratic term which yields to a rational expression. If we now want to know the roots of this formula in b_2 we can multiply it with its main denominator and determine afterwards the roots of the resulting polynomial in b_2.

But the result is a sixth order polynomial which is not solvable by radicals! So it is impossible to remove the fourth order, cubic AND quadratic term of a quintic polynomial by using Tschirnhaus transformations!

About hundred years after Tschirnhaus, the Swedish mathematician Erland Samuel Bring discovered a method how to remove also the quadratic term of a fifth order polynomial which was brought before to the form z^5 +pz^2 +qz+r by using Tschirnhaus transformations. The way he does that is described in Cantor [2] and we follow this description by using again mathematica 4.0.

First we start again by calculating the resultant of z^5 + pz^2 + qz + r and z^4 + dz^3 + cz^2 + bz + a + y, but since the result fills one complete page only the quadratic, cubic and fourth order term are given below.

We start again with the fourth order term and try to remove it.

Afterwards we substitude the resulting value of a in the cubic and quadratic term.

Now comes the clever idea of Bring: Bring assumed the parameters b and c to be of the form b = αd + ξ and c = d + γ, i.e. b and c are linear expressions of d. Substituding both in the cubic coefficient gives a quadratic polynomial in d which has to equal zero. Therefore the coefficients of d^0, d^1 and d^2 are set to be zero and we pick out the first result for α, ξ and γ.

Now we can express b and c in d and substitude them in the quadratic coefficient. The result is a cubic polynomial in d which is 7(!) pages long. Representatively for the whole result the cubic term is shown below:

Since it is a cubic polynomial in d, it is solvable, and so the fifth order equation can be brought to the form y^5 + Ay + B.

With a little trick we can transform the equation y^5 +Ay+B = 0 to the form z^5 +z +γ = 0: For A ≠ 0 we define y =:^4 √ A z and substitude this in the left side of the equation. We obtain A^54 z^5 + A^54 z + B, and by dividing the equation by A^54 and defining γ :=^B_{A 54} we finally get z^5 + z + γ = 0.

If we replace y by^4

√_A 5 z instead of^4 √ A z and proceed in the same manner, we can transform the equation to z^5 + 5z + γ = 0.

We will use this form in the last chapter.

Chapter 3

Klein’s Solution of the Quintic

In this chapter we will describe very briefly how Klein solved the quintic equation. Klein transformed the general quintic equation to the icosahedral equation which can be solved by using hypergeometric functions. In the first two sections we will talk about the icosahedron (and follow Klein’s describtion in [3]), afterwards we look on the solution of the quintic, described in [4] and [5].

3.1 The Icosahedral Group

The icosahedron (German: Ikosaeder) consists of 20 equilateral triangles (German: gleichseitige Dreiecke) and has 12 corners. A model of such an icosahedron can be seen in the image below.

If we now imagine the icosahedron centered in a sphere and if we define the center of the sphere to be the center of the icosahedron then there are only 60 possibilities of revolving the icosahedron around its center such that it is in the same position as before: Since we have 12 corners with always two of them on the same axis through the center we can turn them around such an axis by 5 different angels, and by revolving the icosahedron by 180^∘ we can change the position of the two points on such an axis. This gives^{12}_2 ·5·2 = 60 possible rotations.

Take a closer look at one of the equilateral triangles which form the icosahedron. The corners of the triangle are the corners of the icosahedron, let us give them the name a. The middle points of the sites of the triangle get the name c and the middlepoint of the triangle the name b.

By this way we find in each triangle six smaller triangles such that always three of them are congruent (in the picture they are grey and white). On the icosahedron we have of each sort sixty congruent triangles which will be mapped onto each other by the rotations descriped above. We have twelve times a point of type a, twenty times one of type b and thirty times one of type c. Corner a touches always five triangles of each type, corner b touches three triangles and corner c touches two triangles. If we project the triangles on the sphere around them, then corner a has angle^π_5 , corner b has angle^π_3 and corner c has angle^π_2 .

The above described rotations of the icosahedron and its projection on the sphere form a group of order 60 =^{5!}_2 , the icosahedral group G_{60}. It can be shown that this group is isomorphic to the alternating group A_5.

3.2 The Icosahedral Equation

Suppose a polynomial equation of degree n of the type φ(z) − wψ(z) = 0 where φ and ψ are polynomials in the complex variable z and w is a complex parameter. Since this equation is of degree n, it has n complex roots z, depending on the parameter w, or in other words: We can classify n values of z (the roots) as belonging to one value of w. We can find these complex values on the complex Riemann sphere.

Now we can imagine a one-to-one mapping of the sphere on a triangle in such a way that three specific points of the sphere will be mapped on the corners of the triangle. We have seen in the section before that we have 60 congruent triangles on the icosahedron. If Φ_{60} and Ψ_{60} are polynomials of degree 60 and Φ_{60}(z) − wΨ_{60}(z) = 0, then for every w we find 60 values of z and we imagine each of these values of z mapped in one of the triangles of the sphere, in such a way that the z for w = 0 is mapped on corner b, the z for w = 1 on corner c and the z for w = ∞ on corner a.

Now Klein changes the variables, he introduces the so-called homogeneous variables, i.e., he replaces w by^{w1}_{w2} (and z by^{z1}_{z2} ) to prevent problems with the point ∞: Certainly w_1, w_2 ∈ C, but both finite and (w_1, w_2)^T ≠ ⃗0. Then the point w = ∞ turns to w_2 = 0. One value of w is representated by (λw_1, λw_2)^T with constant factor λ. The equation Φ_{60}(z) − wΨ_{60}(z) = 0 turns then to

Φ_{60}(z_1, z_2) − w_1 w_2

Ψ_{60}(z_1, z_2) = 0 ⇐⇒ w_1 w_2 = Φ_{60}(z_1, z_2) Ψ_{60}(z_1, z_2) . With X_{60} := Φ_{60} − Ψ_{60} we can describe the relations between w and z by the following ratio:

w_1 : (w_1 − w_2) : w_2 = Φ_{60} : X_{60} : Ψ_{60}.

Let’s sum up these relations in a little table:

w = 0 ←→ w_1 = 0 ←→ Φ_{60} = 0 ←→ corner b w = 1 ←→ w_1 − w_2 = 0 ←→ X_{60} = 0 ←→ corner c w = ∞ ←→ w_2 = 0 ←→ Ψ_{60} = 0 ←→ corner a

Since we only have^{60}_3 corners of type b,^{60}_2 corners of type c and^{60}_5 corners of type a, the roots of Φ_{60}, X_{60}, Ψ_{60} must have the multiplicities 3, 2 and 5, i.e.,

Φ_{60} = φ^3_{20}, X_{60} = χ^2_{30}, Ψ_{60} = ψ^5_{12}.

How to find these equations? We will demonstrate this for ψ_{12}:

The roots of ψ_{12} are the corners of type a in their projection on the Riemann sphere S^2 around them so we find twelve coordinate tuples (c, r)^T ∈ S^2 (c ∈ C, r ∈ R), and we can transform them to ordinary complex numbers by using the mapping

σ : S^2 → C̄, σ(c, r) :=

{_c 1−r , (c, r)^T ≠ (0, 1)^T ∞, (c, r)^T = (0, 1)^T .

So we get the following results:

c r σ(c, r)

0 1 ∞

0 -1 0 2 5 √ 5e^{k 2πı}5 , k = 0, ..., 4 −^1_5 √ 5^1_2 ( √ 5 − 1)e^{k 2πı}5 , k = 0, ..., 4 2 5 √ 5e^{(2k+1) 2πı}10 , k = 0, ..., 4^1_5 √ 5^1_2 ( √ 5 + 1)e^{(2k+1) 2πı}10 , k = 0, ..., 4

It can be checked easily that the last ten roots are roots of an equation of the form x^{10} + 11x^5 − 1, or in homogeneous coordinates we can write z^{10}_1 + 11z^5_1 z^5_2 − z^{10}_2 , the root ∞ can be described by a single factor z_2 and the root 0 by z_1, so finally we get

z_1z_2(z^{10}_1 + 11z^5_1 z^5_2 − z^{10}_2 ).

By a similar process we can determine the other polynomials.

Now we know the polynomials Φ_{60}, X_{60}, Ψ_{60} except for some constant factor, but with the relation X_{60} = Φ_{60} − Ψ_{60} we can determine them and get finally

w_1 : (w_1 − w_2) : w_2 = [−(z^{20}_1 + z^{20}_2 ) + 228(z^{15}_1 z^5_2 − z^5_1 z^{15}_2 ) − 494 z^{10}_1 z^{10}_2 ]^3 : −[(z^{30}_1 + z^{30}_2 ) + 522(z^{25}_1 z^5_2 − z^5_1 z^{25}_2 ) − 10005(z^{20}_1 z^{10}_2 + z^{10}_1 z^{20}_2 )]^2 : 1728[z_1z_2(z^{10}_1 + 11z^5_1 z^5_2 − z^{10}_2 )]^5.

This is the icosahedral equation.

3.3 The Solution of the Icosahedral Equation

From now on we choose for the icosahedral equation the following notation (like Klein does in [4]):

X = 1728

H^3(η_1, η_2) f^5(η_1, η_2) , with H(η_1, η_2) :=^1_{144} [−(η^{20}_1 + η^{20}_2 ) + 228(η^{15}_1 η^5_2 − η^5_1 η^{15}_2 ) − 494 η^{10}_1 η^{10}_2 ], f(η_1, η_2) := η_1η_2(η^{10}_1 + 11η^5_1 η^5_2 − η^{10}_2 ) and X as parameter of the icosahedral equation. Finally T (η_1, η_2) :=^1_{12} [(η^{30}_1 + η^{30}_2 ) + 522(η^{25}_1 η^5_2 − η^5_1 η^{25}_2 ) − 10005(η^{20}_1 η^{10}_2 + η^{10}_1 η^{20}_2 )] with the relation T^2 = 12f^5 − 12^4H^3 which can easily be verified by using mathematica for example. A solution to the icosahedral equation can be found by using hypergeometric functions. 3.3.1 Definition The hypergeometric function_pF_q(a_1, ..., a_p; b_1, ..., b_q; z) is defined by

pF_q(a_1, ..., a_p; b_1, ..., b_q; z) := ∞∑ k=0 ∏_p i=1(a_i)_k z^k ∏_q j=1(b_j )_k k! ,

using the Pochhammer symbol (a)_k :=

∏_k n=1(a + n − 1) =^{Γ(a+n)}_{Γ(a)} .

In the case p = 2 and q = 1 the function_2F_1 is often denoted only by F and called Gauss series or Kummer series.

3.3.2 Example Many elementary functions can be expressed by using hypergeometric functions; here are some examples using MAPLE V.4:

> readlib(hypergeom): hypergeom( [],[1/2],-z^2/4 ); cos(z) > z*hypergeom( [],[3/2],-z^2/4 ); sin(z) > hypergeom( [],[],z ); e^z > z*hypergeom( [1,1],[2],-z ); ln(1 + z)

Klein gives in [4] one solution of the icosahedral equation X = 1728^{H3(η1,η2)}_{f 5(η1,η2)} for η_1, η_2, using F =_2F_1 and a 12^{th} root of unity ρ: { η_1 = ρ^{20} √ 12 (1 − X)^160 F ( −^1_{60} ,^{29}_{60} ;^4_5 ;^1_{1−X} ) η_2 = ρ^1_{20}√_{1211} (1 − X)^{− 11}60 F

(_{11} 60 ,^{41}_{60} ;^6_5 ;^1_{1−X}

) , |1 − X| ≥ 1, { η_1 = ρ e^{− ıπ}60^{20} √ 12 X^160 F ( −^1_{60} ,^{19}_{60} ;^4_5 ;^1_X ) η_2 = ρ e^{11ıπ}60^1_{20}√_{1211} X^{− 11}60 F

(_{11} 60 ,^{31}_{60} ;^6_5 ;^1_X

) , |X| ≥ 1, and otherwise { η_1 = ρ(0.09072 + 1.73116ı) F

(_{11} 60 ,^{−1}_{60} ;^2_3 ; X ) + (1.02130 − 1.76895ı) F

(_{11} 60 ,^{−1}_{60} ;^1_2 ; 1 − X ) η_2 = ρ(3.32355 − 5.11783ı) F

(_{11} 60 ,^{−1}_{60} ;^2_3 ; X ) + (−3.01928 + 5.22954ı) F

(_{11} 60 ,^{−1}_{60} ;^1_2 ; 1 − X ) . But having one solution of the icosahedral equation, this equation is solved completly, since we can use the substitutions of the icosahedron described in section 3.1. Formulated for η_1, η_2 we get (with μ, ν = 0, ..., 4 and ξ = e^{2πı}5 ):

(±ξ^ν2 η_1, ±ξ^{− ν}2 η_2); (±^ξ μ 2 (ξ+ξ^4)ξ^{− ν}2 η_1+ξ^ν2 η_2 ξ^2−ξ^3 , ± ξ^{− μ}2 ξ^{− ν}2 η_1−(ξ+ξ^4)ξ^ν2 η_2 ξ^2−ξ^3 );

(∓ξ^ν2 η_2, ±ξ^{− ν}2 η_1); (±^{ξ−} μ 2 ξ^{− ν}2 η_1−(ξ+ξ^4)ξ^ν2 η_2 ξ^2−ξ^3 , ± ξ^μ2 (ξ+ξ^4)ξ^{− ν}2 η_1+ξ^ν2 η_2 ξ^2−ξ^3 ).

And that is the reason why Klein compares (in [5], p.483) the icosahedral equation with the equation x^n − a: If we found one root of x^n − a, we get all the roots by multiplicating it with the n-th roots of unity. Therefore Klein calls the icosahedral equation to be a ”Normalgleichung sui generis”.

3.4 The Solution of the Quintic Equation

For solving the quintic equation we have now, since we know a solution of the icosahedral equation, to proceed in the following way: (Klein [5], p.483 and p.486)

1^{st} step: Express the parameter X of the icosahedral equation by the coefficients of the quintic equation.

2^{nd} step: Solve the icosahedral equation for this parameter X.

3^{rd} step: Find a function η(z_1, ..., z_5), depending on the roots of the quintic equation, which fulfils the substitutions of the icosahedron described above if we alternate the roots z_1, ..., z_5.

4^{th} step: Finally express the roots z_1, ..., z_5 by this η.

We will follow Klein’s way described in [4]. Klein assumes the quintic equation in the form y^5 + 5αy^2 + 5βy + γ.

From chapter 1 we know that every quintic equation can be brought to this form by using Tschirnhaus transformations. To simplify the formulas Klein found, we assume furthermore α = 0, which is always possible, since we showed in section 2.2 that a quintic equation can be brought to this form by Bring’s transformations.

At the end of section 2.2 we descriped how the quintic equation can be brought finally to the form y^5 + 5y + γ, so we also could assume β = 1.

In his article [4] Klein describes very briefly that the parameter X can be expressed as a solution of a quadratic equation whose coefficients consist only of the coefficients α, β, γ. Defining (α = 0)

L := −β^2, M := −144β^5 + γ^4, N := −648β^5γ^2 − γ^6 and l := 12^{25} · L, m := 12^{− 43} · M, n := − 1 144 · N,

then X is a solution of the quadratic equation

l^5X^2 − (l^5 + m^3 − n^2)X + m^3 = 0.

So we get as (one) solution

or in general:

X_{1,2} = 1 3456β^{10} ( (γ^8 + 207β^5γ^4 + 3456β^{10}) ∓ γ^2(γ^4 + 81β^5) √ γ^4 + 256β^5 ) .

Now we will follow Klein’s way of constructing a solution y_ν of y^5 + 5αy^2 + 5βy + γ = 0, which is sometimes really hard. In his publication [4] he only gives results or very short descriptions (for more detailed information he refers to his book ”Vorlesungen über das Ikosaeder und die Auflösung der Gleichungen vom fünften Grade”, which can’t be found in Helsinki) and there are also many misprints in his formulas!

In the beginning we repeat some necessary basic facts:

3.4.1 Definition Suppose the polynomial p(x) = (x − x_1) · · · (x − x_n) =: x^n − s_1x^{n−1} + s_2x^{n−2} − ... + (−1)^ns_n, then s_1, ..., s_n are called the elementary symmetric polynomials of x_1, ..., x_n and can be written as

s_1 = ∑ i_1

x_{i1} , s_2 = ∑ i_1<i_2

x_{i1} x_{i2} , ..., s_k = ∑ i_1<...<i_k

x_{i1} · · · x_{ik} , ..., s_n = x_1 · · · x_n.

3.4.2 Lemma Suppose p(x) and s_1, ..., s_n like in 3.4.1. Define

σ_k := n∑ i=1 x^k_i , for k ≥ 1.

Then σ_k can be expressed by the elementary symmetric polynomials by σ_k =

{ ∑_{k−1} i=1 (−1)^{i+1}s_iσ_{k−i} + (−1)^{k+1}ks_k for k ≤ n, ∑_n i=1(−1)^{i+1}s_iσ_{k−i} for k > n.

Especially we get (for n large enough) σ_1 = s_1, σ_2 = s^2_1 − 2s_2 = s_1σ_1 − 2s_2, σ_3 = s^3_1 − 3s_1s_2 + 3s_3 = s_1σ_2 − s_2σ_1 + 3s_3. Proof: See Tignol [8], p.38f. # Klein looks for an expression of one root y_ν of y^5 + 5αy^2 + 5βy + γ; in this polynomial s_1 and s_2 are equal to zero. By lemma 3.4.2 this is equivalent to σ_1 = σ_2 = 0, so y_ν(η_1, η_2) should be an expression where the sum over all y_ν and the sum over all y^2_ν equals 0. For finding such an expression he starts with (where ϵ is a fifth root of unity) t_ν := −ϵ^ν 5η^2_1 η^4_2 + ϵ^{2ν} (η^6_1 − 2η_1η^5_2 ) + ϵ^{3ν} (η^6_2 + 2η^5_1 η_2) − ϵ^{4ν} 5η^4_1 η^2 ,^1 which fulfils

t_0 · · · t_4 = 12T, 4∑ ν=0 t_ν = 0 = 4∑ ν=0 t^3_ν , 4∑ ν=0 t^2_ν = 20f, 4∑ ν=0 t^4_ν = 20f^2.

These formulas can be verified easily:

1Here is the first mistake in his article: Instead of ...-ϵ^{4ν} 5η^4_1 η^2 we find there ...+ϵ^{4ν} 5η^4_1 η^2 .

CHAPTER 3. KLEIN’S SOLUTION OF THE QUINTIC 30

. With 3.4.2 we find that the t_ν s are solutions of the fifth order equation t^5 − 10ft^3 + 45f^2t − 12T = 0.

But we are looking for a quintic equation without cubic term, so in a next step Klein defines 400W_ν to be the Hessian (German: Hesse-Determinante) of t_ν , which can be written as W_ν = (ϵ^ν η_1 − ϵ^{2ν} η_2)(−η^7_1 + 7η^2_1 η^5_2 ) + (ϵ^{3ν} η_1 + ϵ^{4ν} η_2)(−η^7_2 − 7η^5_1 η^2 ).

. The last term equals zero, since (−1 + (−1)^{2ν} ) = 0. Like before we can verify the following properties: 4∑ ν=0 W_ν = 0 = 4∑ ν=0 W^2_ν , 4∑ ν=0 W^3_ν = −120f^2, 4∑ ν=0 W^4_ν = 2880fH, 4∑ ν=0 W^5_ν = 5W_0 · · · W_4 = −5·12^4H^2.

So the W_ν s are solutions of the equation W^5 + 40f^2W^2 − 720fHW + 12^4H^2 = 0, which has no cubic and fourth order term.

Now he looks for a second term with the same properties and finally he finds

σ_ν := 24f^2 − 7ft^2_ν + t^4_ν .

If we now define y_ν := λ f H W_ν + μ 1 f^2 σ_ν ,

then we get

∑_4 ν=0 y_ν = 0 =

∑_4 ν=0 y^2_ν and he shows that these y_ν s are solutions of a quintic equation of the form y^5 + 5Ay^2 + 5By + Γ, whose coefficients depend on X (= 1728^{H3}_{f 5} ), λ and μ only and which is of the right form!

Before we show how to determine μ and λ (X has already been calculated), we repeat some knowledge about the discriminant:

3.4.3 Lemma Suppose the polynomial p(x) = (x−x_1) · · · (x−x_n) =: x^n+a_{n−1}x^{n−1}+...+a_0 and define the product π(x_1, ..., x_n) = ∏ 1≤i<j≤n(xi − xj ). Then π

2 can be expressed by the coefficients of p(x) only.

Proof: See Tignol [8], p. 106. #

3.4.4 Definition Suppose p(x) and π(x_1, ..., x_n) defined like in lemma 3.4.3. Then D(a_0, ..., a_{n−1}) := π^2(x_1, ..., x_n) is called the discriminant of p(x).

A way of calculating the discrimant by the coefficients of a given polynomial is described in Tignol [8], p. 112. For the polynomial y^5 + 5αy^2 + 5βy + γ we can use MAPLE V.4 to calculate the discriminant to

> p := y^5+5*a*y^2 + 5*b*y + c;

p := y^5 + 5 a y^2 + 5 b y + c

> D:=discrim(p,y);

D:= 3125 c^4 + 281250 a^2 c^2 b − 421875 a^4 b^2 − 1000000 a b^3 c + 800000 b^5 + 337500 c a^5

> Delta:=d/3125;

Δ := c^4 + 90 a^2 c^2 b − 135 a^4 b^2 − 320 a b^3 c + 256 b^5 + 108 c a^5

For α = 0 we get Δ = 256β^5 + γ^4.^2

2Again we find a mistake in Klein’s publication: Instead of ... + 256β^5 + ... he writes ... + 266β^5 + ...

How to find λ and μ? Klein tries to find another expression of the factors^{fWν}_H and^{σν}_{f 2} in

y_ν = λ f H W_ν + μ 1 f^2 σ_ν ,

and he uses the property 12^2H W_ν

= t^2_ν − 3f.

By defining ξ_ν := t^2_ν f we get fW_ν H = 144 ξ_ν − 3 and σ_ν f^2

= ξ^2_ν − 7ξ_ν + 24.

In a first step he expresses ξ_ν as a function of y_ν, β, γ (α = 0) and Δ:

ξ_ν = − 1 2β^3 ( −βγy^3_ν + 2β^2y^4_ν ± 1 √ Δ βy^2_ν (β + y^4_ν )(256β^3 + γ^2y^2_ν − 8βγy^3_ν + 48β^2y^4_ν ) ) . For one of these ξ_ν we demonstrate how to find^{σν}_{f 2} as a polynomial in y_ν . The trick is to replace always higher potencies than four of y_ν with the help of y^5_ν = −(5βy_ν + γ), and so we get

. Proceeding a similar way we find for^{fWν}_H (=:Z_1)

. If we write^{fWν}_H = A_4y^4_ν + ... + A_0 and^{σν}_{f 2} = B_4y^4_ν + ... + B_0 and compare the coefficients, then we get that^{A0}_{B0} =^{A3}_{B3} =^{A4}_{B4} (below only for^{A0}_{B0} ):

. The expression for^{A2}_{B2} looks first different,

, but with Δ = 256β^5 + γ^4 we get

A_2 B_2 = 288β^5 (144β^5 − γ^4) · −2(192β^5 + γ^4 + γ^2 √ Δ) + 3γ^2(γ^2 + √ Δ) 2(192β^5 + γ^4 + γ^2 √ Δ) = 288β^5 (144β^5 − γ^4) · ( −1+ 3γ^2(γ^2 + √ Δ) 2( 3 4 (256β^5 + γ^4) + 1 4 γ^4 + γ^2 √ Δ =^1_4 (γ^2+ √ Δ)(γ^2 +3 √ Δ) ) ) = 288β^5(5γ^2 − 3 √ Δ) (144β^5 − γ^4)(γ^2 + 3 √ Δ) =: C.

In the same way we can simplify the expression of^{A1}_{B1} ,

, to C_1 :=

288β^5(5γ^2 − 3 √ Δ) (144β^5 − γ^4) · (γ^2 − √ Δ) 5(γ^2 + √ Δ)(γ^2 + 15 √ Δ) . Now we can write A_k = CB_k for k = 0, 2, 3, 4 and A_1 = C_1B_1 and get finally

y_ν = λ f H W_ν + μ 1 f^2 σ_ν^!= (λC_1 + μ)B_1 y_ν + ∑ i≠1

(λC + μ)B_i y^i_ν ,

so we have to solve the equations (λC_1 + μ)B_1 = 1 and (λC + μ) = 0 for μ and λ. From the second equation we obtain μ = −λC and substituding this in the first equation we get λB_1(C_1 − C) = 1, which can be solved to

. Now the solution of the quintic is determined completely!

3.4.5 Example Let us use Klein’s method to solve the quintic equation y^5 + 5y − 6 = 0, but before that we will analyze this equation ’traditionally’. Obviously y = 1 is a solution, so we may divide the equation by (y−1) and solve the resulting fourth order equation:

. Now we start solving the equation by using Klein’s ideas. In the notation of Klein we have β = 1 and γ = −6 and we can calculate the expressions L, M, N, l, m, n. After that we substitude the last three of these values in the formulas for calculating the parameter of the icosahedral equation X:

. Approximately we have X_1 ≈ −0.453216 and X_2 ≈ 1129.7, so obviously |X_2| ≥ 0 and we can calculate η_1, η_2 by

. We will use in the whole process only approximated values since they take less place. Next we calculate t_ν , W_ν , f, H and σ_ν : (Note that the value of f should be exactly 1!)

. Now we need the parameters λ and μ, and with Δ = 256β^5 + γ^4 = 1552 we obtain

. So finally we get the five solutions y_0, ..., y_4 of the given quintic equation:

. These values coincide roughly with the ’exact’ values calculated in the beginning, but we should remember that we always used the approximated results during the above process.

Bibliography

[1] Moritz Cantor: Vorlesungen über Geschichte der Mathematik - Dritter Band.

B. G. Teubner Verlag, Leipzig (1901), p.112-118.

[2] Moritz Cantor: Vorlesungen über Geschichte der Mathematik - Vierter Band.

B. G. Teubner Verlag, Leipzig (1908), p.130-132.

[3] Felix Klein: Elementarmathematik vom höheren Standpunkt aus I.

Dritte Auflage, Springer-Verlag, Berlin (1924).

[4] Felix Klein: Gesammelte Mathematische Abhandlungen - Zweiter Band.

Springer-Verlag, Berlin (1922), p. 321-380.

[5] Felix Klein: Gesammelte Mathematische Abhandlungen - Zweiter Band.

Springer-Verlag, Berlin (1922), p. 481-502.

[6] M. Kracht and E. Kreyszig: E.W. von Tschirnhaus: His Role in Early Calculus and his Work and Impact on Algebra.

in: Historia Mathematica Vol. 17 No. 1, Academic Press, INC, 1990, p. 16-36.

[7] Wolfgang Pfeifer: Ethymologisches Wörterbuch des Deutschen.

5. Auflage, Deutscher Taschenbuch Verlag, München (2000).

[8] Jean-Pierre Tignol: Galois’ Theory of Algebraic Equations.

World Scientific Publishing, Singapore, New Jersey, London, Hong Kong (2001).

[9] B.L. van der Waerden: Algebra I.

Vierte Auflage, Springer-Verlag, Berlin, Göttingen, Heidelberg (1955).

www-libraries

[10] Biographisch-Bibliographisches Kirchenlexikon. Verlag Traugott Bautz (1997).

http://www.bautz.de/bbkl

[11] The MacTutor History of Mathematics archive.

http://www-history.mcs.st-andrews.ac.uk

[12] Wolfram Research.

http://library.wolfram.com